We consider small black holes in AdS 5 × S 5 , smeared on S 5 . We compute the spectrum of ℓ = 1 S 5 -quasinormal modes corresponding to fluctuations leading to localization of these black holes on S 5 . We recover the zero mode found by Hubeny and Rangamani (HR) previously [8] , and explicitly demonstrate the Gregory-Laflamme instability. As expected, the instability is associated with the expectation value of a dimension-5 operator.
Introduction
Small black holes in type IIb supergravity in asymptotically global AdS 5 ×S 5 geometry are important in the holographic correspondence [1, 2] between string theory and gauge theories in four space-times dimensions (see [3] for a recent discussion). The simplest black holes have SO(6) symmetry 1 and are described by the following line element where L is the radius of the S 5 with the round metric (dΩ 5 ) 2 , (dΩ 3 ) 2 is the round metric on the S 3 and r + denotes the location of the regular Schwarzschild horizon. It was proposed in [5, 6] that as the black hole becomes sufficiently small, in the limit
it would suffer a Gregory-Laflamme (GL) instability [7] , resulting in its localization on S 5 . The first analysis of the GL instability in this context was performed in [8] (HR) where the authors identified, in particular, an ℓ = 1 zero mode of S 5 which was assumed to be the GL mode at the threshold of instability. This HR zero mode becomes normalizable when 3 [8] r + L ≃ 0.4259 .
(1.2)
1 See [4] for interesting generalizations. 2 There is also a nontrivial 5-form flux.
3 A more precise value was computed in [4] . Our computation (3.7) agrees with the one reported in [4] to an accuracy of ∼ 7 × 10 −6 .
We here revisit the analysis of [8] and compute the spectrum of the ℓ = 1 quasinormal modes about SO(6) symmetric black holes in AdS 5 × S 5 . We explicitly exhibit the GL instability, and determine its onset. We find that the instability arises as foreseen in [5, 6] , and appears precisely when the HR zero mode becomes normalizable.
In section 2 we set up our notations, and discuss the SO(4) × SO(5) symmetric backgrounds in type IIb SUGRA. In particular, in section 2.2 we present the equations of motion describing ℓ = 1 quasinormal modes of SO(6) symmetric black holes. In section 3 we reproduce the HR zero mode. In section 4 we compute the spectrum of ℓ = 1 quasinormal modes, which are associated with the expectation value of a dimension-5 operator of a boundary SYM. We conclude in section 5.
2 SO(4) × SO(5) symmetric ansatz in type IIb SUGRA
The type IIb supergravity equations of motion, where only the metric g µν and the
Ramond-Ramond five-form F (5) are turned on, take the form:
We are particularly interested in the most general ansatz describing solutions with SO(4)×SO(5) isometry. To obtain an explicit expression for the equations determining such solutions we first fix the reparametrization invariance such that
We can thus write the line element as,
(2.6)
SO(6) symmetric black holes
The static black hole solution of (2.5) and (2.6) with SO(6) symmetry takes the form:
where L is the S 5 radius, and r + is the "black hole size" as measured by the S 3 radius at the Schwarzschild horizon.
SO(5) invariant linearized fluctuations
Now we consider ℓ = 1 fluctuations on S 5 about (2.7). To this end we assume, to linear order in ǫ:
It is easy to see that the five-form flux thorough the S 5 is unchanged to O(ǫ).
Next, substituting (2.8) into (2.5) and (2.6) we find at O(ǫ):
from G xx = 0, 12) from G Ω 4 Ω 4 = 0 we obtain two ODEs, 0 =f
from G tθ = 0 we obtain two ODEs,
from G xθ = 0 we obtain two ODEs, 0 =f
Note that in (2.15) we have kept the factor of ω -this will be important in what follows.
Hubeny-Rangamani zero mode
To search for the zero mode, [8] set ω = 0 and obtain the solution of the resulting equations. It is easy to verify that (2.9)-(2.14) and (2.16)-(2.23) are solved with
It is important to realize that (2.15) is consistent only because of the overall factor ω.
That is, note the combination in [· · · ] of (2.15) is inconsistent with the second order equation for f 2 in (3.1).
For an explicit comparison one can introduce r = L tan x and show that the second order equation for f 2 in (3.1) becomes identical to equation (4.8) in [8] (χ(r) ≡ f 2 (r)) with ℓ = 1. As a result, the zero frequency normalizable mode of (3.1) is precisely the one identified in HR. To contrast with the discussion in section 4 below, we proceed with analysis of (3.1). We find it convenient to introduce
where y → 0 + is the AdS boundary and z ≡ 1 − y → 0 + is the location of the Schwarzschild horizon. In terms of the y coordinate we now have,
3)
The UV indices of (3.3) are determined assuming F 2 ∼ y n as y → 0:
Naively, the normalizable mode, n = 0, corresponds to a dimension-7 operator expectation value of the boundary SYM and the mode with n = −6 is non-normalizable.
This is not the case however: from (3.1) notice that if f 2 ∼ y n = y 7 as y → 0,
The gauge invariant fluctuation would be a linear combination of f 1 and f 2 modes, and thus would have a fall-off ∝ y 5 corresponding to a massive ℓ = 1 Kaluza-Klein graviton [10] .
The appropriate boundary expansion in the UV takes form:
where without loss of generality we normalized F 2 (y = 0) = 1. Near the horizon we require a smooth solution, thus
We use a shooting method to numerically connect the UV (3.5) and the IR (3.6) asymptotics of (3.3), tuning the two parameters ρ + and f 0 2,h . We find
a result first obtained in [8] .
ℓ = 1 quasinormal modes
We now perform the standard quasinormal analysis of ℓ = 1 mode: we analyze (2.9)-(2.23) for general ω. Consistency of (2.13) and (2.14) implies that
From (2.16) (or (2.17))
Next, from (2.21),
With a simple algebra, the remaining equations are reduced to a system of coupled first-order equations for 
(4.10)
To determine the UV indices of (4.9) and (4.10) we substitute f 3 ∼ s 3 y n , f 4 ∼ s 4 y n .
Requiring nontrivial solution as y → 0 + determines the 5 indices of (4.9) and (4.10) in the UV:
(n − 5)(n + 5)(n − 9)(n + 1)
Note that there are two independent normalizable modes in the UV: one associated with the expectation value of the dimension-5 operator, and the other one is associated with the dimension-9 operator.
To determine the IR indices of (4.9) and (4.10) we substitute f 3 ∼ q 3 (1 − y) n , f 4 ∼ q 4 (1 − y) n . Requiring nontrivial solution as z = (1 − y) → 0 + determines the 5 indices of (4.9) and (4.10) in the IR: 12) where T is the black hole temperature. Thus, near the horizon we have (we assume Re(w) ≥ 0): 2 incoming modes:
2 outgoing modes:
and 1 "localized" mode:
To determine the spectrum of the quasinormal modes we require that f 3 and f 4 radial wavefunctions are normalizable near the AdS boundary and are either incoming or localized at the horizon. Assuming that 4 the quasinormal mode is purely dissipative (or unstable),
we have the following asymptotic expansion in the UV, where without loss of the generality we have fixed the coefficient of the leading asymptote of f 3 to be 1. In the IR we have, which, to six significant digits, coincides with the location of the HR zero mode (3.7).
Conclusion
In this paper we computed the spectrum of ℓ = 1 quasinormal modes of SO(6) symmetric black holes in AdS 5 × S 5 . We showed that these black holes are in principle subject to a GL-type instability once they become sufficiently small. The location of the onset of GL instability coincides with the black hole size when the ℓ = 1 HR zero mode becomes normalizable. At this point, one could speculate the behavior of the instability by analogy to black strings subject to the GL instability [7] . There, the separatrix between stable and unstable black strings is identified precisely by a zero mode.
Furthermore, in the unstable regime, as shown in [11, 12] a self-similar behavior ensues indicating that within a finite affine-time a horizon pinch-off reveals a naked singular-ity. If an analog behavior were to take place in AdS 5 × S 5 , it would imply that naked singularities can naturally develop in gravitational theories. And, through holography, it would open a venue to understand such development from the perspective of nongravitational quantum field theories. Whether this behavior is indeed realized awaits future inspection.
